We obtain the asymptotic expansion for the Gauss hypergeometric function
Introduction
The Gauss hypergeometric function is defined by for large values of λ and fixed complex z when the parameters ǫ j are finite was first considered by Watson [16] in 1918 and recently by the author in [13, 14] ; see also [4] for the case of two large parameters. This function may be characterised by the set {ǫ 1 , ǫ 2 , ǫ 3 }, where, by a rescaling of λ one of the ǫ j can (if so desired) always be replaced by unity. Watson considered the situation when ǫ j = 0, ±1 and examined the cases (0, 0, 1), (1, −1, 0) and (0, −1, 1), together with the additional case (1, 2, 0). In [13, 14] , the ǫ j were taken to be positive constants. It was shown that it is sufficient to consider just three basic types of hypergeometric function corresponding to the parameter sets (ǫ, 0, 1) (Type A), (ǫ, −1, 0) (Type B) and (ǫ 1 , ǫ 2 , 1) (Type C), where ǫ, ǫ 1 , ǫ 2 > 0. An application of the expansion for the case (ǫ, ǫ, 1) with ǫ > 0 has arisen in aerodynamics [3, 8] . Expansions of a uniform character when two parameters are large have been given for the case (1, −1, 0) in [7] and (0, −1, 1), (1, 2, 0) in [9] . In this paper, we consider the expansion of the function F a − λ, b + λ c + iαλ ; z (1.1)
for λ → +∞ with finite a, b and c. Here the parameter α ∈ R is finite and z is a (finite) complex variable restricted to lie in | arg(1 − z)| < π. The parameter set in this case is consequently (−1, 1, iα), which is different from the cases previously considered in that the denominatorial parameter ǫ 3 = iα is purely imaginary. As in [13, 14] , we employ the method of steepest descents applied to a contour integral representation of the function in (1.1) to obtain Poincaré-type expansions. The expansion in the case of the coalescence of two saddle points is also considered. We concentrate on the situation when the parameters in (1.1) have the values a = 0, b = c = 1 and consider the function with α > 0. This particular case has arisen in the study of travelling waves in a Toda lattice [19, 17] . This case is also of interest as it is associated with the Legendre functions through the relations [11, p. 353 ]
and 4) which define the functions in the complex x-plane cut along (−∞, 1]. Thus, as a by-product of our investigation of (1.2) we will obtain the expansions of the Legendre functions P ±iαλ λ (x) and Q ±iαλ λ (x), for large imaginary order and real degree. The expansions for these functions when x = √ 1 + α 2 , which corresponds to the above-mentioned coalescence of two saddle points, is also given. We remark that the expansion of P −iµ ν (x) and Q −iµ
where A is a constant, has been considered by Dunster [6] who employed a differential-equation approach.
We remark that when z = 1 2 it is possible to give an exact evaluation for F α (λ; z) in the form [11, (15.4.30) ]
.
(1.5)
2. The expansion of F α (λ; z) for λ → +∞ We take the parameter values a = 0, b = c = 1 in (1.1) and consider in detail the expansion of F α (λ; z) in (1.2) for λ → +∞; the case of general values of a, b and c is considered in Section 2.3. From the series representation of the hypergeometric function it follows that, when λ > 0 and α is real,
where the bar denotes the complex conjugate. It is therefore sufficient to consider α > 0 throughout; in addition, we define θ := arg z, φ := arctan α, (2.2) where θ ∈ [−π, π] and φ ∈ (0, 1 2 π). We employ the integral representation [11, p. 
where it is supposed that | arg(1 − z)| < π and c − b = 1, 2, . . . . The integration path is a closed loop that starts from the origin, encircles the point t = 1 in the positive sense and returns to the origin without enclosing the point t = 1/z. The function F α (λ; z) can then be expressed in the form 4) where the phase function ψ(t) and the amplitude function f (t) are
and
The t-plane is cut along (−∞, 1] and also along the ray from the singularity at t = 1/z to infinity in a suitable direction. The phase function has saddle points where ψ ′ (t) = 0; that is at the points where
There are consequently two saddle points, which we label t s1 and t s2 , given by
respectively. For sufficiently large λ, the points t = 0 and t = 1/z are zeros of the integrand, so that paths of steepest descent can terminate only at these two points; paths of steepest ascent must terminate at t = 1 and at infinity. A typical arrangement of the steepest paths through t s1 and t s2 is shown in Fig. 1 when α = 1 and for different values of θ. Since t s1 t s2 = {(1 + iα)z} −1 , it follows that arg t s1 + arg t s2 = −(θ + φ).
Consequently, when θ + φ > 0 (resp. < 0) at least one saddle is situated in the lower (resp. upper) half-plane; when θ + φ = 0, one saddle is situated in upper half-plane with the other in the lower half-plane. It is to be noted that the saddles coalesce to form a double saddle when z
The contribution to the integral (2.4) (excluding the pre-factor) from the steepest descent path through the (simple) saddle t sj is given by the formal asymptotic sum [1, p. 265] 
as λ → +∞, where The γ j are orientation factors that depend on the direction of integration arg(t − t sj ) through the saddle point t sj and have the value either 0 or 1.
The coefficients c (j)
s . The coefficients c (j) s ≡ c s (which are functions of α and z) for s ≤ 2 are given explicitly by
where, for brevity, we have defined
with ψ(t), f (t) and their derivatives being evaluated at t = t s1 or t = t s2 ; see, for example, [ 
see also [15, p. 25] . Here B kj ≡ B kj (α 1 ,α 2 , . . . ,α k−j+1 ) are the partial ordinary Bell polynomials generated by the recursion
where δ mn is the Kronecker symbol, and the coefficientsα r andβ r appear in the expansions
valid in a neighbourhood of the saddle t = t s .
2.2
The expansion of F α (λ; z). It can be seen from Fig. 1 that the steepest ascent path through t s1 crosses the branch cut to pass onto an adjacent Riemann sheet in the t-plane. When θ increases, it is found that in some cases the saddle t s2 (and consequently a portion of the associated steepest descent path) can also pass onto an adjacent sheet. To avoid this difficulty, we make the substitution t = e w to find the phase function in (2.5) given by
with the image of the saddles given by w j = log t sj (j = 1, 2). The closed circuit surrounding the point t = 1 in the t-plane becomes the loop that commences at −∞, encircles the point w = 0 in the positive sense and returns to −∞. Branch cuts are introduced along (−∞, 1] and from the point log 1/z out to ∞ parallel to the real w-axis. This transformation causes all the Riemann sheets in the t-plane to appear as horizontal strips of width 2π in the w-plane; the principal sheet corresponds to −π < ℑ(w) ≤ π.
Examples of the steepest paths in the w-plane are illustrated in Fig. 2 . In Fig. 2 (a) both the saddles w 1 and w 2 and their associated steepest descent paths are situated on the principal sheet; in Fig. 2(b) the saddles are again on the principal sheet, but the steepest descent path from w 2 crosses the line ℑ(w) = π, which corresponds to passing on to the adjacent sheet in the t-plane. Fig. 2(c) shows the same situation as Fig. 1(d) , namely |z| = 0.10, θ . = 0.46292π; for this value of θ the saddles w 1 and w 2 are connected, with the steepest descent path from w 2 passing into the strip π < ℑ(w) ≤ 3π. The saddle in this strip corresponds to the image of the saddle w 1 in the principal sheet; the contribution from this image saddle is exponentially smaller (by the factor e −2παλ ) than that from w 1 and so is neglected. Fig. 2(d) shows |z| = 0.10, θ = 0.60π where the steepest descent path through w 1 has disconnected from the saddle w 2 (a Stokes phenomenon) and passes over into the adjacent strip.
Then, from (2.4), we have the expansion
as λ → +∞ valid for complex z in | arg(1 − z)| < π. This expansion will break down in the neighbourhood of the double saddle points at z = z ± d , and also ceases to be valid in a zone surrounding z = 0; see below. The orientation factors γ 1 = γ 2 = 0 and we note that
If required, an expansion for G α (λ) in inverse powers of λ is given in the appendix. The boundary in the upper-half z-plane on which ℜψ(t s1 ) = ℜψ(t s2 ) is shown in Fig. 3 for the particular case of α = 1. This curve has its endpoints A and B at the double saddle points z ± d in (2.8). Below this curve, and also in ℑ(z) < 0, the contribution from the saddle t s1 dominates that from the saddle t s2 ; above this curve the saddle t s2 is dominant. In the neighbourhood of the curve both contributions need to be taken into account. The dashed closed curve surrounding z = 0 (the enclosed domain is denoted by D) and terminating at z − d shows the curve on which ℑψ(t s1 ) = ℑψ(t s2 ), where a Stokes phenomenon occurs. As one crosses this loop and passes into its interior the saddle t s2 disconnects from the integration path to leave only the contribution from the saddle t s1 ; see Fig. 1(d) and Fig. 2(c), (d) . As a consequence, the expansion of F α (λ; z) inside this loop is given by
as λ → +∞.
In the lower-half z-plane, the saddle t s2 can pass over onto an adjacent Riemann sheet (in the t-plane) and great care must be taken to ensure that one uses continuous branches for the functions log t s2 and log (t s2 − 1). The curves on which t s2 and t s2 − 1 pass onto adjacent sheets are indicated in Fig. 3 by the dotted curves issuing from z = 0 and z = 1, respectively. To the right (resp. left) of the curve issuing from z = 0 (resp. z = 1), t s2 (resp. t s2 − 1) lies on the principal sheet. It must be emphasised that all the curves in Fig. 3 depend on the value of the parameter α > 0.
The results of numerical computations carried out with Mathematica are presented in Tables  1 and 2. Table 1 shows the absolute relative error 2 in the computation of F α (λ; z) as a function of the truncation index s for α = 1, λ = 80 and z = 0.50e iθ using the expansion (2.12). We note that when θ = 0 the value of F α (λ; were derived from (2.11) and the high-precision evaluation of F α (λ; z) obtained by the routine Hypergeometric2F1 in Mathematica. Table 2 shows the absolute relative error as a function of θ for different |z| with the same values of α and λ and truncation index s = 2. In this case the coefficients c (1,2) s can be 2 We have adopted the convention in the tables of writing x(y) for x × 10 y . obtained alternatively from (2.10). In the column corresponding to |z| = 0.06, all the values of z lie in the domain D in which only the saddle t s1 contributes to F α (λ; z). In the column corresponding to |z| = 0.25, the error is seen to become relatively large when θ = π. This is due to the fact that z = −0.25 lies close to the value z − d = −0.2071, which corresponds to the formation of a double saddle point where the expansion (2.12) ceases to be valid. 
The expansion in the general case
The hypergeometric function in (1.1) has the integral representation from (2.3) given by
where the amplitude function f (t) is now given by
14)
The phase function ψ(t) is as in (2.5) and consequently the distribution of the saddle points remains the same. It therefore follows that the expansion of F (a − λ, b + λ; c + iαλ; z) for λ → +∞ is given by (2.12) and (2.13) with f (t) replaced by (2.14) and the coefficients c 
The expansion when
, it is seen from (2.7) that the saddles t s1 and t s2 coalesce to form a double saddle at the point
In the neighbourhood of the point z = z − d the expansions in (2.12) and (2.13) break down. In this section we determine the expansion of F α (λ; z) and also that of the general case in (1.1) valid at the coalescence point z = z 
The expansion of
we find the coefficients
−32(−1 + 1 + α 2 ) , . . . .
Inversion yields
where w = ue πi on the path OS and w = ue −πi on the path SA in Fig. 4(a) . In addition, with
we have
Upon differentiation of τ (w), we then obtain the expansion
valid in a neighbourhood of w = 0 (t = t d ), where
The coefficients A, B, C, D and the quantity T are defined above in terms of the parameter α. Then, from (2.4) and (3.4), we obtain
for λ → +∞. This therefore produces the expansion
Since z − d is real it immediately follows from (2.1) that
Due to the complexity of the coefficients it is not practical to present their explicit dependence on the parameter α for more than the first three terms in the expansion (3.6). If, however, α is given a numerical value then the inversion process can be carried out with Mathematica to many more terms. In the particular case α = 1, the values of the coefficients B m (α) are tabulated in Table 3 for m ≤ 10; we observe that the values of B 2 (α), B 5 (α), B 8 (α), . . . are not required. Values of F α (λ; z − d ) and its asymptotic estimate from (3.6) with m ≤ 10 (sub-optimal truncation) are given in Table 4 . A uniform approximation for F α (λ; z) for z ≃ z − d could be obtained by making the standard cubic transformation (see [11, (2.4.18) ]) to ψ(t) in (2.4). We do not pursue this further here. 
where T is defined in (3.3) and
Expansion about τ = 0, followed by use of (3.2) to express τ in terms of w, produces
, where
Application of Lemma 1 in the appendix therefore shows that
. . . Then, from (3.2) we obtain the result
valid near w = 0 (t = t d ), where the first three contributory coefficients are
From this we find the expansion
The complexity of the higher contributory coefficientsB m (α) (m ≥ 4) is such that there appears to be little value in their presentation, although in specific cases with numerical values for a, b, c and α it would be quite feasible to continue the inversion process to higher order. It can be verified with some effort that when a = 0, b = c = 1 we haveT = T and the coefficients in (3.8) reduce to those given in (3.5).
Application to the expansion of the Legendre functions
From (1.3) and (1.4) we have the Legendre functions of degree λ and order −iαλ, where α > 0, λ > 0, given by
where F α (λ; z) is defined in (1.2) and F −α (λ; (x) and Q ±iαλ λ (x) then follow from that of F α (λ; z) given in (2.12) and (2.13). In the special case x = √ 1 + α 2 , the argument of F ±α (λ; 3 We omit the coefficientB 2 (α) as this is not required. 4 In Mathematica they are obtained numerically by use of the 'type-3' Legendre functions.
in (2.8) . This corresponds to the coincidence of the two saddle points associated with the integral for F α (λ; z). From the expansion in (3.6), it therefore follows that Appendix: The expansion of G α (λ)
In this appendix we consider the expansion of G α (λ) in (2.6) in inverse powers of λ. This is given for completeness as the main asymptotic problem under consideration is the large-λ expansion of the integral appearing in (2.4). It is sufficient to consider α > 0 since the value of G α (λ) for α < 0 is given by its conjugate (when λ > 0). We use the well-known expansion for log Γ(z) as |z| → ∞ is [11, p. 
